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In this article we will take into account the most complete back-ground with torsion and curvature,
providing the most exhaustive coupling for the Dirac field: we will discuss the integrability of the
interaction of the matter field and the reduction of the matter field equations.
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I. INTRODUCTION
In fundamental theoretical physics, torsion-gravity is
the theory we obtain when we do not constrain the most
general metric-compatible connection to be symmetric
in the two lower indices, yielding a geometry that is en-
dowed with torsion as well as the metric, therefore called
Riemann-Cartan geometry [1–4]; in the Riemann-Cartan
geometry the most general metric-compatible connection
can be decomposed into the simplest metric-compatible
symmetric connection, called Levi-Civita connection and
written entirely in terms of the Riemann metric, plus
the torsion, called Cartan tensor: in this approach origi-
nally followed by Cartan, torsion is just a geometric field
whose independence from the metric maintains the most
general and the simplest connections correspondingly in-
dependent, but it has no other meaning. An additional
meaning can be found by writing the Riemann-Cartan ge-
ometry in anholonomic bases, in which it becomes more
transparent the meaning of torsion as the strength of
the potential arising from gauging the translation group
much in the same way in which curvature is the strength
of the potential arising from gauging the rotation group,
as shown by Sciama and Kibble [5, 6]: what Sciama and
Kibble proved was that torsion is not just something that
could be added, but something that must be added, be-
side curvature, in order to have the possibility to com-
pletely describe translations, beside rotations, in a full
Poincaré gauge theory. Sciama and Kibble were also the
first to write the dynamics of these fields, by having tor-
sion coupled to the spin much as curvature is coupled to
the energy, therefore following in the most general case
in which there is also spin, beside energy, the spirit of
Einstein gravity. The Sciama-Kibble–Einstein theory of
gravity is thus the most complete geometry for the space-
time, in which the possibility to couple both spin and
energy allows us to have a whole dynamical coupling for
spinors, like the Dirac matter field, as reviewed in [7].
With so much insight, it is an odd circumstance that
there be still such a controversy about the role of torsion
beside that of curvature, and for an instructive list of
fallacies, we refer the reader to reference [8]; a selection of
topics on torsion in gravity is in [9]. In the present paper,
we will consider torsion-gravity as the basis on which to
build the most exhaustive coupling to the spin-energy
content of spinor fields focusing on the Dirac matter field.
We will see that when both torsion and curvature are
taken into account, there will be just enough field equa-
tions to have the Dirac field solved in the sense that we
will be able to write all physical components of the Dirac
field in terms of torsion and curvature, with torsion and
curvature undergoing to a system of field equations and
constraints in which the Dirac field will no longer appear.
II. GENERAL DYNAMICS OF MATTER
a. Geometry. As it has been anticipated just above
in the introduction, the most general metric-compatible
connection can be decomposed into the simplest metric-
compatible symmetric connection, written in terms of the
metric, plus the torsion tensor, which is independent on
the metric, and we have also stressed that anholonomic
bases can be introduced in order to make more mani-
fest the meaning of torsion; but apart from the meaning,
there is total equivalence between the formalism of an-
holonomic (Lorentz) and holonomic (coordinate) bases,
and additionally the decomposition of the torsionful con-
nection into the torsionless connection plus torsion makes
it clear that all torsionful covariant derivatives and cur-
vatures can be written in terms of the corresponding tor-
sionless covariant derivatives and curvature plus torsional
contributions. As a consequence, despite quantities writ-
ten in the torsionful case in Lorentz formalism have a
clearer intuitive significance, nevertheless we may write
such quantities either in Lorentz or coordinate formalism
and either in the torsionful case or in the torsionless case
plus explicit torsional contributions since all of them are
mathematically equivalent, and in the following we write
all quantities with torsion split away. This will be done
for simplicity, and readers interested in the full develop-
ment can refer to all of the references in the introduction.
On the other hand however in [10, 11] it was discussed
how it is reasonable to consider torsion to be completely
antisymmetric: here we will assume this is the case and
it will be our only assumption, although such constraint
amounts to no loss of generality when torsion is coupled
to the spin in the case of 12 -spin spinors such as the Dirac
matter fields, as it is well known; in (1+3)-dimensions,
completely antisymmetric rank 3 tensors are equivalent
to the dual of a rank 1 pseudo-tensor and therefore the
torsion tensor can be written in terms of a torsion axial
vector Qανσεανσρ=Wρ with Wρ being the torsion axial
vector considered in the following. For future convenience
we introduce ∂αWν−∂νWα=(∂W )αν as the curl of the
torsion axial vector; we remind the reader that despite
involving partial derivatives nevertheless this expression
is a tensor and it is antisymmetric. In the following we
will see that it is precisely in terms of the curl of torsion
that the dynamics of the torsion field will be assigned.
The metric tensor is given by gαρ and it will be used to
move coordinate indices; tetrads ξαa are always taken to
be ortho-normal gαρξ
α
a ξ
ρ
b =ηab and used to pass from co-
ordinate (Greek) indices to Lorentz (Latin) indices: then
the Minkowskian matrix ηab is used to move the Lorentz
indices. The set of Clifford matrices γa verifying
{γa,γb}=2ηabI (1)
are such that from them we define
1
4
[
γ
a,γb
]
=σab (2)
as the σab matrices, which give through
σab = −
i
2εabcdpiσ
cd (3)
the parity-odd matrix pi (historically, the parity-odd ma-
trix pi is indicated with the letter gamma and denoted
with an index five because it was introduced to study five-
dimensional extensions, but because no higher dimension
will be considered then such a notation has no longer any
meaning and we prefer to adopt a notation in which no
index is in display so to avoid confusion): together they
verify the anticommutation and commutation relations
{pi,γa} = 0 (4)
{γi,σjk} = iεijkqpiγ
q (5)
and
[pi,σab] = 0 (6)
[γa,σbc] = ηabγc−ηacγb (7)
[σab,σcd] = ηadσbc−ηacσbd+ηbcσad−ηbdσac (8)
and also the expressions
γaγb=ηabI+2σab (9)
γiγjγk = γiηjk − γjηik + γkηij + iεijkqpiγ
q (10)
valid in general. With γ0 we define ψ=ψ
†
γ0 as the conju-
gation of spinor fields, and so that we have the possibility
to define the bi-linear spinor quantities as
2iψσabψ=Sab (11)
ψγapiψ=V a (12)
ψγaψ=Ua (13)
iψpiψ=Θ (14)
ψψ=Φ (15)
and because of the validity of expression
ψψ≡ 14ΦI+
1
4Uaγ
a+ i4Sabσ
ab− 14Vaγ
a
pi− i4Θpi (16)
we also have the following relationships
SabΦ+
1
2εabikS
ikΘ=U jV kεjkab (17)
SabΘ−
1
2εabikS
ikΦ=U[aVb] (18)
together with
SikU
i = ΘVk (19)
− 12εabikS
abU i=ΦVk (20)
SikV
i = ΘUk (21)
− 12εabikS
abV i=ΦUk (22)
and
1
2SabS
ab=Φ2−Θ2 (23)
UaU
a=−VaV
a=Θ2+Φ2 (24)
1
4SabSijε
abij=2ΘΦ (25)
VaU
a=0 (26)
called Fierz re-arrangements and being spinor identities.
Spinors have 8 real components but being defined in
terms of transformation laws with 6 parameters it is pos-
sible to remove some of them reducing spinors to no more
than 2 real components, so if ψψ= iψpiψ=0 we have two
constraints, meaning that either the spinor has no com-
ponent left or that we can not perform all of the Lorentz
transformations, and anyway the spinor would turn out
to be singular; singular spinors are very interesting and in
fact they are broadly studied [12–24], but they need par-
ticular care for the dynamical features they should have
and we are not going to consider them in what follows.
A first comment we have is that although the bi-linear
spinor quantities are 16 linearly independent real tensors,
nevertheless they are not independent: as a matter of fact
by combining (17-18) one gets the final relationship
Sab=(Φ
2+Θ2)−1(U jV kεjkabΦ+U[aVb]Θ) (27)
showing that the antisymmetric tensor can be obtained
so soon as one has the vector and axial-vector as well as
the scalar and pseudo-scalar verifying (24, 26); because
at least one between scalar and pseudo-scalar does not
vanish then the vector and axial-vector are respectively
time-like and space-like and they are always orthogonal.
For general considerations about completely antisym-
metric torsion and its consequences for the coupling to
the spin of spinors, parity-conservation and continuity in
the case of the torsionless limit, we will refer to [25–30].
For the kinematics of the torsionless quantities we start
by specifying that Λσαν is the Levi-Civita symmetric con-
nection; with it Ωabpi=ξ
ν
b ξ
a
σ(Λ
σ
νpi−ξ
σ
i ∂piξ
i
ν) will be the spin
connection in general. Then it is possible to define
Ωµ =
1
2Ω
ab
µσab+iqAµI (28)
2
in terms of the spin connection and the gauge potential
of charge q as what is called spinorial connection [31].
As it has been recently proven in [32], the fact that in
general Φ2+Θ2 6=0means that we can always find a frame
in which the most general spinor is with no loss of gener-
ality reduced to the third-axis rotation eigen-state, and
despite there is a total of 4 such forms nevertheless they
are paired by third-axis reflections and in terms of the
transform ψ→piψ so only a single form is independent.
This form can be chosen in an arbitrary manner and
we choose it to be given in chiral representation as
ψ=exp (−ipi ϕ2 )


φ
0
φ
0

=


ei
ϕ
2
0
e−i
ϕ
2
0

φ (29)
showing that left-handed and right-handed semi-spinorial
chiral components are the complex conjugate of one an-
other, and giving the bi-linear spinor quantities
V 3=2φ2 (30)
U0=2φ2 (31)
Θ=2φ2 sinϕ (32)
Φ=2φ2 cosϕ (33)
where φ is the module and ϕ is the Takabayashi angle.
The module and the Takabayashi angle are the two de-
grees of freedom of the spinor as they are the components
that cannot be affected by a spinorial transformation,
while the redundancy of all other components has been
transferred away from the spinor by means of spinorial
transformations into the frame; because spinors are fields
then the spinorial transformation is also point depen-
dent and the frames are locally defined, and non-inertial
frames correspond to non-zero contributions within the
spinorial connection: even though the spinor has been left
with the essential information alone, nevertheless now we
have more complicated spinorial covariant derivatives.
We notice from (27) that the antisymmetric tensor is
not necessary given the vector and axial-vector and the
scalar and pseudo-scalar; vectors and axial-vectors can
always be written in terms of their module times the uni-
tary vector and axial-vector ua and va identifying their
respective directions: from (30, 31) and (32, 33) we have
V a=(Φ2+Θ2)
1
2 va (34)
Ua=(Φ2+Θ2)
1
2 ua (35)
showing that the vector and axial-vector point to a privi-
leged direction but otherwise they are not necessary given
the scalar and pseudo-scalar. We recall that the vector
encodes information about the velocity while the axial-
vector encodes information about the spin of the matter
distribution, so the above reduction actually means that
we have boosted in the frame in which the matter distri-
bution is at rest and rotated in such a way that the spin
is aligned with the third axis; we also recall that in the
above-mentioned reference we proved how a consistently
implemented non-relativistic limit requires not only small
spatial part of the vector but also small pseudo-scalar,
and because the vector is related to the velocity then the
pseudo-scalar comes to be related to internal motions of
the matter distribution. This interpretation in terms of
which the pseudo-scalar is related to intrinsic structures
is to be taken together with the fact that the scalar is
known to be related to field distributions, and in fact in
standard representation the pseudo-scalar describes the
interaction between upper and lower parts and the scalar
describes the absolute value of upper and lower parts.
b. Dynamics. For the system of fields in which we
are interested, in [30] we have discussed what is the
most general action, and in the following we will con-
sider such an action restricted for simplicity to the least-
order derivative terms: in this form it is given in terms
of the curl of the Cartan torsion tensor (∂W )αν and the
Ricci curvature tensor Rµν with the curl of the Maxwell
gauge potential Fαν and together with the pair of Dirac
conjugate spinors ψ and ψ according to the expression
L = 14 (∂W )
2− 12M
2W 2 +
+ 1
k
Rµνg
µν+ 2
k
Λ +
+ 14F
ανFαν −
−iψγµ∇µψ +
+XψγµpiψWµ+mψψ (36)
where X gives the strength of the interaction between
torsion and spin of spinors while Λ,M andm are the cos-
mological constant and the masses of torsion and spinor.
When such a least-order derivative action is taken into
account by varying it with respect to the metric and tor-
sion fields, the gauge fields and the spinorial fields, one
obtains that the gravitational field equations are given
according to the following symmetric tensor equations
Rρσ− 12Rg
ρσ−Λgρσ= k2 [M
2(W ρW σ−12W
αWαg
ρσ) +
+ 14 (∂W )
2gρσ−(∂W )σα(∂W )ρα +
+ 14F
2gρσ−F ραF σα +
+ i4 (ψγ
ρ
∇
σψ−∇σψγρψ +
+ψγσ∇ρψ−∇ρψγσψ)−
− 12X(W
σV ρ+W ρV σ)] (37)
whereas the torsional field equations are obtained to be
given in terms of the axial-vector equations
∇α(∂W )
αµ+M2Wµ=XV µ (38)
and the gauge field equations are the vector equations
∇σF
σµ=qUµ (39)
accounting for all field equations describing how geome-
try couples to spinors; the spinor field equation is
iγµ∇µψ−XWσγ
σ
piψ−mψ=0 (40)
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which can be multiplied by I,pi,γa,γbpi,σab and the con-
jugate spinor, so that after splitting real and imaginary
parts, we obtain the validity of following decompositions
i
2 (ψγ
µ
∇µψ−∇µψγ
µψ)−XWσV
σ−mΦ=0 (41)
∇µU
µ=0 (42)
i
2 (ψγ
µ
pi∇µψ−∇µψγ
µ
piψ)−XWσU
σ=0 (43)
∇µV
µ−2mΘ=0 (44)
i
2 (ψ∇
αψ−∇αψψ)− 12∇µS
µα −
− 12XWσSµνε
µνσα−mUα=0 (45)
∇αΦ−2(ψσµα∇
µψ−∇µψσµαψ) +
+2XΘWα=0 (46)
∇νΘ−2i(ψσµνpi∇
µψ−∇µψσµνpiψ)−
−2XΦWν+2mVν=0 (47)
(∇αψpiψ−ψpi∇αψ)−
1
2∇
µSρσερσµα +
+2XWµSµα=0 (48)
∇
µV ρεµραν+i(ψγ[α∇ν]ψ−∇[νψγα]ψ) +
+2XW[αVν]=0 (49)
∇
[αUν]+iεανµρ(ψγρpi∇µψ−∇µψγρpiψ)−
−2XWσUρε
ανσρ−2mSαν=0 (50)
which are altogether equivalent to the original spinorial
field equation. With them it becomes possible to see that
the divergence of the torsion field equations is
M2∇µW
µ=2XmΘ (51)
while the contraction of the gravitational field equations
−R=4Λ+ k2
(
−M2W 2+mΦ
)
(52)
in forms that are indeed considerably simplified.
It is now interesting to reconsider the results that have
been found in [32] in the dynamical field equations.
The possibility to always find a frame in which a single
spinor field can be written according to (29) means that
we can employ (32, 33) and (51, 52) in order to write
φ2 sinϕ= M
2
4Xm∇µW
µ (53)
φ2 cosϕ= M
2
2mW
2− 1
km
(4Λ+R) (54)
or equivalently
φ4= M
4
16m2X2 |∇µW
µ|2+ M
4
4m2 |W
2|2 −
− M
2
km2
W 2(R+4Λ)+ 1
k2m2
(R+4Λ)2 (55)
tanϕ= kM
2
2X
∇W
kM2W 2−2(R+4Λ) (56)
introduced above as the module and the Takabayashi an-
gle, they are shown to be given in terms of the torsion and
curvature tensors, and since these are scalar and pseudo-
scalar equations then they are valid not only in this frame
but in general, and with the very same structural form.
So the form (29) with equations (55, 56) tells that the
spinor field is given in terms of the module and the Tak-
abayashi angle themselves given in terms of the torsion
and curvature tensors, which means that when these ex-
pressions are re-substituted back into the original system
of field equations then all instances of the Dirac field will
be replaced by the module and the Takabayashi angle, so
ultimately by the torsion and curvature, leaving a system
of field equations in which there will only be the torsion
and curvature, alongside to the eventual gauge field.
As a consequence of the fact that the Dirac field does
not appear any longer in any of the field equations we
may claim that the Dirac field has been integrated away
and we remark that such an integration is permitted in
general by the existence of torsion and curvature.
III. REARRANGEMENT OF COMPONENTS
a. Equations. In the previous section we have shown
how it is always possible to have the spinor field inte-
grated in terms of the torsion and curvature tensors.
When this is done, the entire system of field equations
for metric and torsion, gauge fields and spinor fields re-
duces down to a system of field equations and constraints
involving the metric and torsion and gauge fields, that is
the spinor field has been integrated in the sense that there
is no longer any presence of it in the field equations.
A first thing we would like to notice is that given the
identities (16), it is possible to show that we have
−Vaγ
a
piψ=Uaγ
aψ=(ΦI+iΘpi)ψ (57)
−Uaγ
a
piψ=Vaγ
aψ=(Φpi+iΘI)ψ (58)
as well as
iSkaγkψ=U
aψ−V apiψ−Φγaψ (59)
− 12ε
ijkaSijγkψ=V
aψ−Uapiψ−iΘγaψ (60)
which are valid as general spinorial identities.
The spinorial covariant derivative with respect to the
spinorial connection (28) can be written in the frame in
which we have the form (29) giving the final expression
i∇µψ=[(i∇µ lnφ−qAµ)I+
1
2∇µϕpi+
i
2Ω
ab
µσab]ψ (61)
which is valid in that specific frame but which can next
be used to have all instances of the spinorial covariant
derivatives substituted in terms of algebraic expressions
of the spinor in all the field equations of the above system.
Before proceeding further, we remark that because of
the relationship (27) we know that the projections onto
the antisymmetric spinorial matrix σab can be written in
terms of the projections onto the I,pi,γa,γbpi matrices.
Therefore we may have the form (29) plugged into the
spinor field equation and the resulting spinor field equa-
tion projected onto the above I,pi,γa,γbpi matrices or
4
we may have the form (29) plugged directly into the first
eight of the above spinor field equation’s decompositions.
Either way we obtain the validity of the expressions
(12∇µϕ+
1
4Ω
ανρεανρµ−XWµ)V
µ−qAµU
µ−mΦ=0 (62)
(∇µ lnφ−
1
2Ω
a
µa )U
µ=0 (63)
(12∇µϕ+
1
4Ω
ανρεανρµ−XWµ)U
µ−qAµV
µ=0 (64)
(∇µ lnφ−
1
2Ω
a
µa )V
µ−mΘ=0 (65)
1
2 (
1
2∇µϕ+
1
4Ω
ανρεανρµ−XWµ)Spiκε
piκµσ −
−(∇µ lnφ−
1
2Ω
a
µa )S
µσ−qAσΦ−mUσ=0 (66)
(12∇σϕ+
1
4Ω
ανρεανρσ−XWσ)Θ−
−(∇σ lnφ−
1
2Ω
a
σa )Φ+qA
µSµσ=0 (67)
(12∇σϕ+
1
4Ω
ανρεανρσ−XWσ)Φ +
+(∇σ lnφ−
1
2Ω
a
σa )Θ−
1
2qA
µSpiκεpiκµσ+mVσ=0(68)
(12∇µϕ+
1
4Ω
ανρεανρµ−XWµ)S
µσ +
+ 12 (∇µ lnφ−
1
2Ω
a
µa )Spiκε
piκµσ+qAσΘ=0 (69)
so that from (67, 68) and again (17-18) we obtain thus
(∇µ lnφ−
1
2Ω
a
µa )U
2+qAρUνV αεµρνα+VµmΘ=0(70)
(12∇µϕ−
1
4εµανρΩ
ανρ−XWµ)U
2 +
+qAρU[ρVµ]+VµmΦ=0 (71)
which with (57, 58) and (59, 60) are seen to be equivalent
to the initial spinor field equation; then the current vector
is algebraic and also the spin axial-vector is algebraic but
the energy tensor contains spinorial covariant derivatives
that can be evaluated with (61), and we obtain
∇σF
σµ=qUµ (72)
with
∇α(∂W )
αµ+M2Wµ=XV µ (73)
and
Rρσ+Λgρσ= k2 [
1
4 (∂W )
2gρσ−(∂W )σα(∂W )ρα +
+M2W ρW σ+ 14F
2gρσ−F ραF σα +
+ 18 (Ω
ρ
ab ε
σabkVk+Ω
σ
ab ε
ρabkVk −
−Ωijkε
ijkσV ρ−Ωijkε
ijkρV σ) +
+ 12q|U
2|−1(AρUσV kVk+A
σUρV kVk −
−AkU
[kV σ]V ρ−AkU
[kV ρ]V σ)−
−mΦ(12g
ρσ+|U2|−1V ρV σ)] (74)
as to complete the system of all of the field equations.
Because what is fundamental are the directions of the
vector and axial-vector and the scalar and pseudo-scalar
or equivalently the module and Takabayashi angle, then
we may re-write the gravitational field equations in form
Rρσ+Λgρσ= k2 [
1
4 (∂W )
2gρσ−(∂W )σα(∂W )ρα +
+M2W ρW σ+ 14F
2gρσ−F ραF σα +
+ 14φ
2(Ω ρab ε
σabkvk+Ω
σ
ab ε
ρabkvk −
−Ωijkε
ijkσvρ−Ωijkε
ijkρvσ)−
−qφ2(Aρuσ+Aσuρ +
+Aku
[kvσ]vρ+Aku
[kvρ]vσ)−
−2mφ2 cosϕ(12g
ρσ+vρvσ)] (75)
the torsion field equations as
∇α(∂W )
αµ+M2Wµ=2Xφ2vµ (76)
and the gauge field equations as
∇σF
σµ=2qφ2uµ (77)
for the interactions, with the spinor field equations as
∇µ lnφ−
1
2Ω
a
µa +qA
ρuνvαεµρνα+vµm sinϕ=0 (78)
1
2∇µϕ−
1
4εµανιΩ
ανι+qAιu[ιvµ]−XWµ+vµm cosϕ=0 (79)
as the form of matter field equations we have eventually.
In this way we have demonstrated, first of all, that all
spinorial covariant derivatives could be written in terms
of algebraic expressions of the spinor and therefore that
all conserved quantities can now be written algebraically,
and, secondly, that (78, 79) together are equivalent to the
expression we obtain when the form (29) of the spinorial
field is substituted into the spinorial field equation.
When combined with the results of the previous sec-
tion, we see that not only we have the Dirac field inte-
grated away from all field equations but also we have the
Dirac field equations re-written as two vector constraints
having the structure of real tensors in general.
IV. INTERNAL STRUCTURE
In these first sections we have found that for the spinor
having the form (29) it is possible to have the two scalars
integrated away through relationships (55, 56) in terms
of torsion and curvature and that with such a form the
spinor field equation is equivalent to the pair of vector
field equations for the two scalars (78, 79), which is to be
expected since the two degrees of freedom are determined
each with four derivatives and so there have to be exactly
two vector field equations as (78, 79) actually are.
From now on we focus on the spinor field equations in
their equivalent form (78, 79) in terms of the vectors
Gµ=Ω
a
µa −2qA
ρuνvαεµρνα (80)
Kµ=2XWµ+
1
2εµανιΩ
ανι−2qAιu[ιvµ] (81)
so to have them compactly written as
∇µ lnφ
2−Gµ+2vµm sinϕ=0 (82)
∇µϕ−Kµ+2vµm cosϕ=0 (83)
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where Gµ and Kµ are a vector and an axial-vector in
terms of torsion, tetrad and gauge fields: they result into
second-order field equations for the two scalars given by
φ−2∇2φ2+(2m)2 +
+2mvµ(Gµ sinϕ+Kµ cosϕ)−(∇µG
µ+G2)=0 (84)
∇2ϕ−(2m)2 sinϕ cosϕ−
−2mvµ(Gµ cosϕ+Kµ sinϕ)−∇µK
µ=0 (85)
the first as a Klein-Gordon equation for the scalar of real
mass 2m and the second as a sine–Klein-Gordon equation
for the pseudo-scalar of imaginary mass 2m together with
additional disturbing mixing terms; they can be removed
by employing the products of (82, 83) giving the following
∣∣∇ϕ2
∣∣2−m2−φ−1∇2φ+ 12 (∇µGµ+ 12G2− 12K2)=0(86)
∇µ(φ
2∇µ ϕ2 )−
1
2 (∇µK
µ+KµG
µ)φ2=0 (87)
which are much cleaner and they can be recognized to be
a Hamilton-Jacobi equation and a continuity equation in
which the field ϕ/2 can be seen as the action functional
and the term given by φ−1∇2φ is the quantum potential.
The above equations (82, 83) determine the behaviour
of the matter field: (82) gives in terms of the Takabayashi
angle the behaviour of the module; (83) has no module
and thus it determines the non-linear behaviour of the
Takabayashi angle itself. Only equations (83) display the
torsional contribution; both equations have the metric
and gauge contributions. These equations account for all
derivatives of both fields determining them completely
once the boundary conditions are given eventually.
The module φ squared possesses the usual interpreta-
tion of field density for the matter distribution while the
Takabayashi angle ϕ being the relative phase between
the left-handed and the right-handed semi-spinor fields
can be interpreted as containing information about the
internal dynamics: in fact, it is precisely the interaction
between the two chiral components of the field what gives
rise to Zitterbewegung effects. Such a phenomenon could
be related to the quantum properties of fields.
V. THOUGHTS
An additional remark is about the problem that spinor
fields always seemed affected by the presence of negative
energies; we believe that this is not necessarily a flaw
because no discussion can be definitive about the energy
until its coupling to gravity is taken: the only reasonable
solution of the problem is to consider the gravitational
field equations in their time-time component
R00−
1
2Rg00=
k
2φ
2Ω120 (88)
where φ2Ω120 is the energy density, and let the gravita-
tional field equations tell what is the sign of the energy.
All these results are based on the fact that, as we have
mentioned above, we have chosen to work with a spinor
with spin aligned along the third axis and phase cancelled
by a rotation around the same third axis, but of course
we could resort to situations in which we do not perform
this last third-axis rotation so to leave an overall phase to
the spinor field; when this is done and the overall phase
is written for plane waves as e−iEt then we have the spin
connection given by Ω12t=2E and when the gravitational
field is weak enough to have ξt0≈1 we see that the energy
would turn out to be 2φ2E which is positive defined.
Therefore the energy density should be demonstrated
to be positive because that is the property determined by
the gravitational field equations, but at least we do know
an approximation in which the positivity is ensured.
In rather general terms, because the gravitational field
equations have a left-hand side that is non-linear in the
spin connection, the gravitational field equations are not
symmetric for inversion of the sign of the spin connec-
tion itself, and so there are two gravitationally different
responses for the same matter field according to whether
the energy is positive or negative, and only one can be
gravitationally stable; what this means is that even if we
could transform a spinor field of positive energy into a
spinor field of negative energy, that transformation would
not be a symmetry when gravitation is considered.
The problem of negative energy spinors arises only be-
cause we retain the validity of a symmetry that is in fact
not a symmetry when all field equations are taken.
Additionally, recall that spinors are constituted by two
semi-spinors in interaction between each other, with the
consequence that if bound states are to exist the internal
energy is to be negative: the total energy of the spinor
must account for contributions of the internal dynamics,
which are negative, beside contributions of the external
motion, which are positive, summing up to be undefined.
Positive energy would have to be obtained only in the
limit in which the negative energy contribution is lost
when neglecting internal dynamics, and in our framework
this limit is encoded by the assumption that the evolution
of the Takabayashi angle be rendered irrelevant.
Finally, it is interesting to mention what happens in
the case of two Dirac fields; we shall recall once more that
our analysis exploits the opportunity to perform trans-
formations which transfer degrees of freedom from the
spinor to the frame and vice versa: when this is done it
is quite easy to understand that the two spinors can be
brought to their most simplified form only in two frames
that would in general be different, or equivalently since
the frame is unique then the reduction can be performed
at once on two spinors only if these fields are identical.
And yet another way to see this is by recalling that our
results are based on the fact that, as we mentioned above,
we chose to work with a spinor whose spin was aligned
along the third axis, but of course we could resort to
situations in which we do not align the spin along the
third axis so to leave the spinor in a form general enough
to account for different orientations of the spin; when this
is done the consequence is that for the two spinor fields
there would be no considerable simplification about the
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dynamics, and it is solely in the case in which the spinor
fields are identical that we can recover the results we have
presented here and more information can be obtained.
However, this information tells that when the two iden-
tical spinors superpose, the form of the total spinor would
merely be twice the form of each single spinor, and be-
cause these spinors enter non-linearly in the conserved
quantities sourcing the geometric field equations, if each
spinor is a solution then their superposition cannot be a
solution of the entire system of field equations.
So far as we are concerned, this looks like a dynamical
implementation of the exclusion principle.
VI. CONCLUSION
In this paper, we have obtained two results regarding
the spinor fields having the form (29): first, the spinor
has a total of two physical degrees of freedom represented
by the module and the Takabayashi angle which can be
integrated by employing (55, 56) in terms of curvature
and torsion; second, the spinorial field equation is equiv-
alent to two vectorial equations (78, 79) in terms of which
the module and the Takabayashi angle have the gradient
determined in terms of all other fields. By placing these
results together, we have that curvature and torsion have
to undergo to the two vectorial equations obtained by
substituting (55, 56) into (78, 79): they result into two
constraints for curvature and torsion. The field equations
that are given in form (78, 79) or (82, 83) are used to infer
second-order equations of Klein-Gordon scalar form for
the module and sine–Klein-Gordon pseudo-scalar form
for the Takabayashi angle, and second-order equations
having the structure of the Hamilton-Jacobi equation and
the continuity equation suggesting the interpretation for
which the module squared represents the field density and
the Takabayashi angle represents the action functional.
It has been shown that the module gives rise to the
known quantum potential while the Takabayashi angle
having opposite sign for the opposite helicities provides
information about the interaction between the chiral
components; because of this the Takabayashi angle is to
be related to Zitterbewegung effects. Such a phenomenon
could be related to the quantum properties of matter.
These results are important for two reasons: one is that
they show how the presence of torsion beside curvature
makes it possible to integrate away spinorial degrees of
freedom thus going a step forward in the search for exact
solutions, and the other is that they make it clear that not
only the module but also the Takabayashi angle have to
be accounted for a complete description of the dynamical
behaviour of Zitterbewegung and quantum effects.
In quantum field theory quantum corrections are given
by quantizing solutions in form of plane waves but plane
waves cannot describe dynamical behaviour related to the
presence of spin, while if we considered spin contributions
it would be impossible to have the form of plane waves
on which quantum corrections are calculated.
But if we considered spin contributions there might be
no need to implement any field quantization to obtain
the quantum corrections that we observe.
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